We establish a quantum kinetic equation describing the transport properties of the vibrons in a molecular monolayer adsorbed on a dielectric substrate. A renormalization procedure is applied to the Hamiltonian of the system which is then separated in a vibron Hamiltonian, a bath Hamiltonian connected the external motions and a coupling Hamiltonian between the vibrons and the external modes. A perturbative analysis based on the projector method allows us to eliminate the irrelevant information related to the bath dynamics. The use of conventional approximations ͑Markov limit and Wick theorem͒ leads us to write the kinetic equation in a form exhibiting linear and nonlinear contributions. The linear term characterizes irreversible processes connected to the bath fluctuations whereas the nonlinear term represents a self-modulation of the dynamical matrix with respect to the vibron distribution. An application of the transport of CO vibrons on NaCl͑100͒ illustrates the method.
I. INTRODUCTION
One of the challenges of the modern technology is to create molecular devices able to transfer the information at the nanometer scale. In this context, surface science plays a crucial role allowing the formation of atomic or molecular nanostructures of reduced dimensionalities with a well defined geometry. [1] [2] [3] The formation of controlled twodimensional monolayers on a perfect surface has now reached a high standard of understanding 4 and self-organized defects at the surface can be used to prepare nanodevices such as one-dimensional wires and confined twodimensional structures. 5, 6 The interest of the adsorbed nanostructures is reinforced by the use of local probes such as the scanning tunneling microscopy ͑STM͒. These local probes, originally devoted to adsorbate imaging, can serve at the same time as tools to build nanostructures by manipulating the adsorbate or inducing chemical reactions. [7] [8] [9] [10] [11] In addition, these probes can be used to excite the electronic and vibrational degrees of freedom of the admolecules. 12 In such nano-devices, the transfer of information can be achieved using the elementary excitations of the adsorbate, which, depending on the nature of the nanostructure, can be electrons, phonons, magnons,... . The possibility to excite the internal vibrations of admolecules using STM 12 suggests another way to transfer information based on the delocalization of the internal vibrations of the adsorbate. Indeed, the coupling between the internal degrees of freedom of the admolecules through the lateral interaction favors the coherent propagation of the internal vibrations from one molecule to another yielding the formation of vibrons.
The ability to transfer the energy via vibrons seems to be suggested by nature itself. Thirty years ago, Davydov and co-workers 13 pointed out that the formation of vibron solitons in biological systems could be responsible for the transfer of energy. The main idea was to explain how the energy released by the hydrolysis of ATP ͑Adenosine Triphosphate͒, partially stored in the high-frequency CvO vibration ͑amide-I͒ of a peptide group of the protein, can be transported from one end of the protein molecule to the other. The dipole-dipole coupling between the different peptide groups leads to the delocalization of the internal vibrations and the formation of vibrons. However, the interaction between the vibrons and the phonons of the protein induces a nonlinear dynamics which counterbalances the dispersion created by the dipole-dipole coupling and yields the creation of the so-called Davydov's soliton. From a theoretical point of view, Davydov's soliton provides an approximation to the dynamics described by a Fröhlich type Hamiltonian.
14 This Hamiltonian, originally introduced to analyze the motion of an electron in a polar crystal, provides a general description of the transport of an elementary excitation ͑electron, exciton, vibron,...͒ coupled to a set of harmonic phonons. The interaction between the phonons and the elementary excitation is assumed to be linear with respect to the phonon coordinates. Within this model, the presence of an excitation induces a relaxation of the lattice leading to a new equilibrium configuration. As a result, the dressing of the excitation by this lattice distortion induces its self-localization which prevents its dispersion. [15] [16] [17] [18] [19] [20] [21] [22] The theory of electronic or vibrational molecular solitons has received increasing attention ͑a broad review can be found in Refs. 23 and 24͒ specially to investigate quantum or alternative formulations of the Davydov's theory, [25] [26] [27] [28] [29] the thermal stability of solitons, 30- [33] [34] [35] and the effect of the discreteness on the propagation of the soliton. 36 For molecular adsorbates, most of the theoretical analyses of the vibron dynamics were applied to the interpretation of the infrared spectra with special emphasis on the processes responsible for line broadening. [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] The description of the vibron dynamics of a monolayer appears in principle to be similar to the Davydov's problem since the vibrons interact strongly with their surrounding. However, a crucial difference occurs due to the complexity of the bath which contains the librons and the phonons of the monolayer, the phonons of the substrate and, for a metallic surface, the electronic degrees of freedom of the metal. As a result, the system cannot be described simply using an ideal Fröhlich type Hamiltonian.
In this context, using the vibrons as a vehicule for the energy transfer in a monolayer points out a problem which does not occur in the Davydov's theory. Indeed, the ability of the vibrons to propagate information requires their confinement inside the monolayer. But fast energy relaxation due to quasi resonances of the infrared frequencies with phonon and electronic bands prevents this confinement. Such resonances generally occur with the continuum of electronhole pair excitations of metal surfaces resulting in a shortening of the vibron lifetime, typically about 1 ps. By contrast, dielectric surfaces appear to be good candidates since the energy relaxation occurs via multiphonon excitations, only, leading to a longer lifetime. For instance, the vibrational lifetime for the Si-H vibration for the system Si-H͑111͒ is about 1 ns at room temperature. 49 A remarkable example is given by the stretching vibration of CO adsorbed on NaCl for which the lifetime was measured to be about 0.01 s, i.e., a factor of about 10 10 longer than for CO adsorbed on a metal. 50 In the present paper, we develop a theoretical model to describe the transport properties of vibrons in a monolayer adsorbed on a dielectric surface. The vibrons are coupled to a thermal bath formed by the external motions of the whole system ''monolayerϩsubstrate.'' To overcome the complexity in the description of the thermal bath, we use a renormalization of the total Hamiltonian which is written as a sum of an effective internal Hamiltonian, of a Hamiltonian connected to the renormalized librons-phonons of the bath and of a coupling Hamiltonian between the internal and external degrees of freedom. 47, 48 The effective internal Hamiltonian describes the dynamical evolution of the vibrons modified by the presence of a static bath ͑all the external variables at their equilibrium͒. To determine the transport properties of the vibrons we define a distribution function in terms of the statistical average of the product of equal time creation and annihilation operators connected to a vibronic excitation. From this distribution function we can then define the Wigner distribution [51] [52] [53] [54] of the vibrons, the vibron density and the current density associated to the vibronic motion, and thus establish a quantum kinetic equation [52] [53] [54] to reach its time evolution. This latter equation is determined using the projector technique introduced by Zwanzig 55 which eliminates irrelevant information and extracts the desired information, only. As a result, the dynamics of the thermal bath is expressed as time-correlation functions of the coupling Hamiltonian. The main advantage of this kinetic equation is that it contains no phenomenological parameters and can thus be applied to realistic systems using, for instance, molecular dynamics simulations, to evaluate the different parameters.
The paper is organized as follows. In Sec. II, we describe the renormalization procedure required to define the Hamiltonian of the vibronic system and of its surrounding in a way that is convenient for the dynamics of the vibrons. In Sec. III, the observables connected to the vibron transport are introduced and defined in terms of the distribution function and the Wigner distribution. The quantum kinetic equation is established in Sec. IV and its different contributions are illustrated using a diagrammatic representation. In Sec. V, the connection between the quantum kinetic equation and the Davydov's problem is established within the lowtemperature limit and a linearized procedure is assumed to evaluate the self-diffusion coefficient of the vibrons.
II. MODEL

A. Monolayer structure and Hamiltonians
Let us consider a set of N molecules adsorbed on the surface of a well-organized substrate. We assume that the admolecules form an ordered two-dimensional monolayer commensurate with the substrate and define a common unit cell which characterizes the periodicity of the whole system, i.e., monolayerϩsubstrate. Here, we limit our analysis to a monolayer formed by a set of diatomic molecules, with one admolecule per unit cell. However, the generalization to a system containing n c molecules per unit cell is straightforward and does not involve conceptual differences. Therefore, the index l denoting the cell number, the position ͕R l ͖ and the orientation ͕⍀ l ͖ of the lth molecule are defined by the supervector ͕X l ͖ϵ(͕R l ͖,͕⍀ l ͖). In a similar way, the rth substrate atom belonging to the mth unit cell in the pth plane of the substrate is defined by its position r mpr . Each molecule behaves as an internal harmonic oscillator described by the coordinate Q l around the equilibrium interatomic distance.
The lth adsorbed molecule interacts with the surrounding molecules through the potential V M M while the interaction with the substrate is called V MS . The total Hamiltonian of the monolayer and of the substrate is written as
where h I defines the internal Hamiltonian for the molecules forming the layer and where K stands for the translational and orientational kinetic operator. The Hamiltonian H S characterizes the dynamics of the substrate phonons. The expression of the Hamiltonian H can be improved using the renormalization procedure detailed in Refs. 47 and 48. We expand the potentials V M M and V MS and the kinetic operator K in a Taylor series with respect to the set of inter-nal coordinates Q l around the equilibrium Q l ϭ0. The Hamiltonian characterizing the dynamics of the orientation and the translation of the admolecules and the vibrations of the substrate is thus expressed as
where the subscript 0 specifies that the different terms are evaluated at the internal equilibrium Q l ϭ0.
From the knowledge of the external dynamics described by H B ͓Eq. ͑2͔͒, which corresponds to small translational and orientational motions around their equilibrium configuration, the remaining terms of the Taylor series can be separated into two contributions. The first one, which is evaluated at the equilibrium of the external degrees of freedom, corresponds to the Hamiltonian of the internal coordinates alone, while the second one takes into account of the external dynamics around this equilibrium and defines the coupling Hamiltonian between the internal and external motions.
At a second-order expansion with respect to Q l , the Hamiltonian of the internal degrees of freedom is expressed as
In Eq. ͑3͒, m is the reduced mass, P l the momentum and 0 the internal frequency associated to the internal mode of the lth admolecule. A stands for the force constant tensor which characterizes the perturbation experienced by the internal modes due to both the lateral and molecule-substrate interactions. It is proportional to the second derivatives of V M M , V MS and K with respect to Q l while the linear coupling can be easily eliminated since it corresponds to a translation of the internal coordinate. The coupling Hamiltonian between the internal and the external motions is written as
where ⌬A(l) and ⌬A(l,lЈ) are operators which depend on the external degrees of freedom, only. The first contribution of ⌬H, which is linear with respect to Q l , is responsible for the annihilation or the creation of internal excitations due to the coupling with the external motions. It will characterize the lifetime of the internal excitations. The second contribution, which is quadratic with respect to Q l , represents the perturbation experienced by the internal frequencies and the force constants tensor. It will be associated to the dephasing mechanism. Since we are interested here by systems for which the vibrational lifetime is sufficiently large to produce confinement of the internal energy without rapid relaxation on the external modes, we shall neglect the linear contribution of the coupling and shall focus on the influence of the quadratic term. Note that it has been shown that the fourthorder perturbation theory with respect to the linear term may contribute significantly to the dephasing process and may produce sidebands involving a combination between the vibron frequencies and the frequencies of the external motions. 39, 40 However, since there is no experimental evidence for these effects for the systems considered in this work, we have neglected them in the following of the paper.
By rewriting the Hamiltonian H A in terms of the creation operator b l ϩ and the annihilation operator b l associated to each internal coordinate, we finally obtain
where the force constant tensor ⌽(l,l) can be easily determined from Eqs. ͑5͒ and ͑3͒. This tensor is purely nondiagonal and the self-contribution is taken into account in the renormalized internal frequency 0 . Note that Eq. ͑5͒ is obtained using the rotating wave approximation ͑RWA͒ which consists in neglecting the nonresonant terms involving the products b l ϩ b l Ј ϩ and b l b l Ј . This approximation is reasonable since the lateral interaction between neighboring internal modes is usually two orders of magnitude smaller than the internal frequency 0 .
In a similar way, the coupling Hamiltonian is written as
where ⌬⌽(l,lЈ) is a hermitian and symmetric operator in the space of the states of the external degrees of freedom. Finally, the Hamiltonian HϭH A ϩH B ϩ⌬H will be used to investigate the transport properties of the internal energy in the monolayer, coupled to a thermal bath formed by the external motions of the monolayer and the phonons of the substrate.
B. Vibrons
In the Hamiltonian H A ͓Eq. ͑5͔͒, the first contribution accounts for the self-energy term and it describes the local internal vibration of each admolecule characterized by the boson operators b l ϩ and b l . The second contribution of H A represents the lateral coupling between the molecular vibrations and it induces a delocalization of the internal vibrations leading to the formation of vibrons. A vibron state corresponds to a coherent superimposition of localized states and it characterizes the coherent propagation of an internal excitation from one molecule to another. In the direct space, the vibron dynamics is described by the Heisenberg equations expressed as
where
These equations can be formally integrated introducing the free propagator of the vibrons G(l,lЈ,t) which characterizes the propagation of an internal excitation without coupling with the thermal bath. It allows us to determine the vibron operators at time t with respect to the vibron operators at an initial time tϭ0, as
Inserting Eq. ͑8͒ into Eq. ͑7͒ leads to
For a system which is invariant by translation by an arbitrary ͑surface͒ lattice vector, the dynamical properties of the vibrons can be obtained using a Bloch transformation of the vibron operators as
where x l denotes the position of the lth unit cell and where the wave vector q lies in the first Brillouin zone. In this point of view, បq and ប͑q͒ stand for the quasi-momentum and the energy of the vibron q, respectively, with
The knowledge of the propagator leads to a complete description of the dynamical properties of the free vibrons. An explicit expression of G(t) depends on the monolayer structure and on the lateral interaction which are known in principle. However, the presence of the thermal bath modifies strongly this free propagation and a more accurate description is required to characterize the vibron dynamics. In our approach, we shall develop a formalism in the direct space to keep generality regarding application to systems for which the translational invariance is broken, for instance, in the presence of local impurities or random distribution of defects.
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III. DESCRIPTION OF THE VIBRONIC TRANSPORT
The characterization of the transport properties of the vibrational energy is based on the knowledge of the space and time evolution of the product of equal time vibron operators. To describe the transfer of internal excitation inside the molecular monolayer, let us define the distribution function g(x l ,t) which represents the vibron density at time t located on the lth molecule. This density can be defined as the product of a creation operator b l ϩ and an annihilation operator b l . However, due to the dynamical interaction with the thermal bath through the coupling Hamiltonian ⌬H ͓Eq. ͑4͔͒, the true eigenstates of the vibrons are not well defined. As a result, a statistical average over the vibron states is required using the density matrix of the total system. Therefore, the vibron density is defined as
where the time dependence of the vibron operators is now related to the Heisenberg representation with respect to H.
Another relevant observable is the current density which represents the averaged value of the group velocity of the vibrons. In the reciprocal space, the total current associated to the vibron motions is defined as
where ٌ͑q͒ is the group velocity of the vibron q. From the definition of the frequency ͑q͒ ͓Eq. ͑11͔͒, we can perform an inverse Bloch transformation of Eq. ͑13͒ and express the total current in terms of a sum of local observables, i.e., J(t)ϭ ͚ l j(x l ,t). The current density j(x l ,t) is expressed as
While the vibron density g(x l ,t) is related to the diagonal element ͗b l ϩ (t)b l (t)͘, the current density is characterized by the nondiagonal elements ͗b l
Therefore, a complete description of the transport properties requires the knowledge of the time evolution of both kinds of elements. In addition, since diagonal and nondiagonal elements mix in a complicated manner under the influence of the Hamiltonian H, we have to study their dynamics simultaneously. This can be achieved introducing the following function:
The function f ͗1͘ (l 1 ,l 2 ,t) characterizes the coherence between two vibrational states localized on the l 1 th and l 2 th molecules when the vibron state is written as a linear superimposition of such states. This measure of the coherence performed at time t depends on the dynamical evolution of the whole system and on its history starting from the initial time tϭ0. The function f ͗1͘ (l 1 ,l 2 ,t) is thus the central object of our study and we shall call it the distribution function since it allows us to describe both the vibron and the current densities. Note that f ͗1͘ (l 1 ,l 2 ,t) corresponds to the average value of the product of two vibron operators. However, the kinetic equation which describes the time evolution of this function contains higher order products. Therefore, we generalize the notation and define the function f ͗p͘ as the average product of 2p vibron operators
Finally, we introduce the Wigner distribution 51-54 for the vibronic system which the main advantage is that it presents a formal resemblance with the one-particle distribution considered in classical statistical mechanics. To derive the Wigner distribution from the function f ͗1͘ (l 1 ,l 2 ,t), the usual way is to rewrite the arguments (l 1 ,l 2 ) as Lϭ(l 1 ϩl 2 )/2 and lϭ(l 1 Ϫl 2 ), and then Fourier transform l into a momentum variable. However, as pointed out by Frensley, 57 the transformation from a discrete density operator to a discrete Wigner distribution is not unitary since the center-of-mass coordinate L does not strictly belong to the discrete lattice. As a result, some of the information contained in either the Wigner distribution or the density matrix will be lost. To overcome this problem, we define a modified Wigner distribution as
The position x l and the momentum k are conjugated in the discrete sense. As in classical statistical mechanics, the vibron and the current densities can easily be evaluated as
In addition, the Fourier transform of Eq. ͑17͒ with respect to x l allows us to introduce the qth Fourier component
which, at qϭ0, corresponds to the vibron momentum distri-
IV. QUANTUM KINETIC EQUATION A. Equations of motion
If we assume that, at the initial time tϭ0, there is no statistical correlation between the vibrons and the thermal bath, the initial density matrix can be written as a tensorial product of the density matrix of the vibrons A and the density matrix of the thermal bath B . The bath is in thermal equilibrium at temperature T and B corresponds to the Boltzmann distribution. We can thus split the total trace into partial traces Tr A and Tr B for the vibrons and the thermal bath, respectively, and express the distribution f ͗1͘ as
where LϭL 0 ϩ⌬L is the Liouvillian associated to the Hamiltonian H. L 0 corresponds to the Liouvillians of independent vibron and bath systems and ⌬L is the coupling Liouvillian connected to ⌬H.
To determine the time evolution of f ͗1͘ (l 1 ,l 2 ,t), we use the Zwanzig's projector technique, 55 which has demonstrated its usefulness in eliminating irrelevant information from a system, i.e., the bath dynamics in our case, and extracting only the information that is desired. Therefore, performing a second-order perturbation theory with respect to the coupling ⌬L in Eq. ͑20͒, the distribution function f ͗1͘ satisfies the equation of motion
where ͗¯͘ B stands for an average over the thermal bath, i.e.,
Tr B ͓¯ B ͔. Note that the partial trace over the thermal bath leads to a redefinition of H A and ⌬H which incorporates the average value of the coupling Hamiltonian. As a result, we have to proceed to the changes H A →H A ϩ͗⌬H͘ B and ⌬H →⌬HϪ͗⌬H͘ B keeping yet the same notation. After some algebraic manipulations, the development of Eq. ͑21͒ can be performed using Eq. ͑6͒ and the commutation rules for the vibron operators. The resulting expression is
The first term in the right-hand-side of Eq. ͑22͒ characterizes the coherent motion of the vibrons which involves the dynamical matrix D while the two other terms describe the influence of the thermal bath on the vibron dynamics. These latter terms are characterized by the memory kernels J ͗1͘ and J ͗2͘ given by
and
where ⌬⌽(l 1 ,l 2 ,t) stands for the Heisenberg representation of the coupling operator ⌬⌽(l 1 ,l 2 ) with respect to the Hamiltonian H B of the thermal bath and where G(l 1 ,l 2 ,t) is the free propagator of the vibrons defined in Eqs. ͑8͒ and ͑9͒.
The symbol ͚* stands for a sum over all the intermediate indices.
The kinetic equation ͓Eq. ͑22͔͒ shows the complexity of the interaction between the vibrons and the bath. Indeed, since the two memory kernels J ͗1͘ and J ͗2͘ are nonlocal in space and in time, the state of the distribution f ͗1͘ (l 1 ,l 2 ,t) at time t depends on the history of all the other values taken by this function. In addition, since the coupling Hamiltonian ⌬H ͓Eq. ͑6͔͒ does not commute when it is evaluated at different times, a nonlinear effect emerges in Eq. ͑22͒ leading to the coupling between the function f ͗1͘ and the functions f ͗2͘ . Due to these features, the interpretation of the kinetic equation appears difficult and, following Rammer, 53, 54 we present in the next section the diagrammatic representation of Eq. ͑22͒.
B. Diagrammatic representation
The distribution f ͗1͘ (l 1 ,l 2 ,t) is a single time variable which measures the coherence between two local vibron operators b ϩ (l 1 ,t) and b(l 2 ,t). Therefore, a comprehensive diagrammatic representation of the time evolution of f ͗1͘ needs the use of two temporal lines, one for the time evolution of each type of vibron operators. Since the two types of operators are adjoints, the two lines propagate in the opposite direction.
Let us first consider the free evolution of the function f ͗1͘ (l 1 ,l 2 ,t) disregarding the coupling with the thermal bath. In that case, it is straightforward to show that this evolution is given by the equation
͑25͒
The representation of Eq. ͑25͒ is shown in Fig. 1 . A full line oriented from the top to the bottom and separated by the two points l 2 and l 2 represents the free propagator G(l 2 ,l 2 ,). The propagator G* is defined in a similar way but is oriented from the bottom to the top. Reading the diagram shown in Fig. 1 , we obtain Eq. ͑25͒ starting from the point l 1 and following the direction given by the arrows up to the final point l 2 .
Then, to include the influence of the bath, we consider the graphical representation of the interaction ⌬⌽(l 1 ,l 2 ). This interaction, which characterizes a vibronic transition from the l 1 th molecule to the l 2 th molecule, is represented by an empty circle connecting the two points l 1 and l 2 . Note that, due to the use of the RWA, the coupling ⌬⌽(l 1 ,l 2 ) connects two points belonging to the same temporal line but does not mix different lines. The correlation functions occurring in Eqs. ͑23͒ and ͑24͒ are described by a dashed line connecting two empty circles. In addition, Eq. ͑22͒ exhibits nonlinear terms due to the coupling with the bath leading to the occurrence of the function f ͗2͘ . This latter function is represented introducing intermediate coherences inside the different diagrams. An intermediate coherence between two molecules is thus characterized by two parallel full lines connecting the two points associated to these molecules. Using the previous description, the diagrammatic representation of the memory kernels J ͗1͘ and J ͗2͘ is shown in Figs. 2 and 3 , respectively. The diagrams which represent the kernel J ͗1͘ are the same as the lowest order diagrams contributing to the time evolution of the reduced density matrix of a particle ͑for instance an electron͒ interacting with a phonon bath. 53 , 54 We can distinguish two kinds of diagrams. The first kind ͓Figs. 2͑a͒ and 2͑b͔͒ shows how the coherence between two localized states b l 1 ϩ (t) and b l 2 (t) is modified due to the history of the time evolution of either b l 1 ϩ (t) or b l 2 (t), while the second kind ͓Figs. 2͑c͒ and 2͑d͔͒ exhibits the correlation between the two temporal lines mediated by the thermal bath. These two kinds of diagram correspond to two different physical processes, the first one is related to dephasing limited coherent motion of the vibrons whereas the second one characterizes incoherent hops of the vibrons mediated by the bath. As shown in Fig. 3 , the diagrams contributing to the kernel J ͗2͘ are conceptually similar to those representing J ͗1͘ with, however, a difference due to the modification of the initial coupling by the existence of populations or coherences in the vibron dynamics. To understand this feature, let us focus our attention on the diagrams drawn in Figs. 2͑a͒ and 3͑a͒ . In Fig. 2͑a͒ , the bath induces a transition of a vibronic excitation between two localized states l 1 and l 1 . Therefore, at the second-order expansion with respect to the coupling ⌬H, the vibron experiences two interactions with the bath in order to make the transition. Figs. 2͑a͒ and 3͑a͒ , the two interactions experienced by the vibron tend to create coherences between the localized states l 1 and l 1 . These coherences depend on the ability for the bath to propagate to l 1 the memory of its previous interaction with l 1 . Such ability is measured by the correlation functions of the coupling ⌬⌽. Due to the nonlocality and the nonlinearity, the kinetic equation ͓Eq. ͑22͔͒ cannot be solved exactly. Therefore, an improved form of the equation is required using relevant approximations as shown in the next section.
V. APPROXIMATE KINETIC EQUATION
A. Expression
The memory kernels J ͗1͘ and J ͗2͘ involve the correlation functions of the coupling ⌬⌽. The characteristic time of these kernels is the correlation time c of the thermal bath which corresponds to the time for which the correlation functions vanish. In a general way, this correlation time is about 1 ps for molecular adsorbates. For example, molecular dynamics simulations carried out for the CO-NaCl system found a correlation time value equal to 0.6 ps at 25 K. 47 We thus assume that this time scale is small compared to the time evolution of the functions f ͗p͘ . Indeed, since f ͗1͘ represents the coherence between two localized vibrational states its characteristic time is related to the difference between two vibron eigenfrequencies, and is, therefore, about the inverse of the dispersion of these eigenfrequencies. We expect similar characteristic times for the higher order functions f ͗p͘ since these functions involve an equal number of creation and annihilation operators. The dispersion of the vibron eigenfrequencies is related to the lateral interaction between the internal vibration of the admolecules. For a molecular adsorbate, this lateral interaction is small when compared to the internal frequency and the dispersion is generally lesser than or about to 10 cm
Ϫ1
. For instance, the dispersion of the stretching vibration Si-H of the system Si-H͑111͒ was found to be about 9 cm
. 58 In the case of the ͑2ϫ1͒ CO monolayer adsorbed on NaCl, the lateral interaction was shown to be strongly anisotropic with a vibron bandwidth equal to 3 cm Ϫ1 along the longer size of the unit cell and to 12 cm Ϫ1 along the perpendicular direction. 47 Consequently, if ⌽ is a typical value of the lateral interaction, the product ⌽ϫ c appears to be lesser than or of about the unity. To simplify our discussion, we thus assume that the inequality ⌽ϫ c Ӷ is verified and we invoke two simplifying approximations in Eqs. ͑22͒-͑24͒. First we use the Markovian limit of the kinetic equation and second we neglect the nondiagonal elements of the free propagator G(t). The second assumption means that over a time scale of about c , a vibron does not have enough time to make a transition to a neighboring site. Moreover, we assume that the correlation functions of two different matrix elements of the coupling Hamiltonian vanish and that only the auto correlation functions remain. These approximations can be easily visualized using the diagrammatic representations and lead to the following modifications. First, a free propagator connects now two identical points and second, the two empty circles of a given diagram involve the same pair of points. Therefore, using the method described in the previous section to read the diagrams, the kinetic equation can be written as
where the quantities R stand for the integrated correlation functions, as
͑27͒
To proceed, we then express the function f ͗2͘ in terms of products of functions f ͗1͘ . In fact, the exact way to solve the kinetic equation ͓Eq. ͑22͒ or Eq. ͑26͔͒ is to determine the corresponding equation for f ͗2͘ . However, this equation will depend on f ͗3͘ and so on, leading to a hierarchy of equations of motion. To quench the hierarchy at a given level, one way is the use of the mean-field assumption. Within this approximation, f ͗2͘ can be factorized following the Wick's theorem, [52] [53] [54] as
Inserting Eq. ͑28͒ into Eq. ͑26͒ yields the final expression of the kinetic equation. Note that, at this step, we did not invoke translational invariance, and this kinetic equation is valid to investigate the vibron transport in a system exhibiting point and extended defects. For a perfect monolayer, the expression of R ͓Eq. ͑27͔͒ can be simplified since the free propagator G(l 1 ,l 2 ,t) depends only on l 1 Ϫl 2 and the kinetic equation becomes
where the various terms in Eq. ͑29͒ are defined as follows:
In the same way, the kinetic equation for the Wigner distribution F(x l ,k,t) is easily obtained by Fourier transforming Eq. ͑29͒ as in Eq. ͑17͒. The kinetic equation is thus written as
In Eq. ͑31͒, we assume that the parameter ⌬(l,l)ϭ⌬(hϭl Ϫl) is translationally invariant and we define the following expressions:
Besides the coherent term, the kinetic equations Eqs. ͑29͒ and ͑31͒ contain a linear and a nonlinear contribution which originate from the coupling between the vibrons and the bath. The linear part characterizes irreversible processes and exhibits two terms. The first term shows how the dephas-ing limits the coherent motion of the vibrons. Formally, if a vibron moves in a coherent manner, its eigenstate is described by a superimposition of localized states, the phase of which are related to each other when the time evolution is described by the dynamical matrix, only. However, during this evolution, the coupling with the bath induces random fluctuations of each phase which destroy the coherence. As a result, the nature of the motion of the vibron evolves from a coherent to an incoherent one. Clearly, the magnitude of this contribution is related to the competition between the lateral coupling between the admolecules which preserves the coherence, and the dephasing constant ⌫ which characterizes the damping. The second term of the linear term in Eq. ͑29͒ appears as a master equation for the vibron density and involves the rate of a lateral transition W l→ l . It characterizes incoherent processes in the course of which the bath induces fluctuations of the lateral interaction between two localized vibron states. As a result, an internal excitation initially localized on a given molecule, makes an incoherent transition to another molecule by creating or annihiling thermal bath excitations.
The nonlinear contribution in Eqs. ͑29͒ and ͑31͒ is responsible for a self-modulation of both the internal frequencies and the lateral force constants. Indeed, within the meanfield approximation ͓Eq. ͑28͔͒ f ͗2͘ yields a nonlinear contribution which is formally equivalent to the coherent contribution involving the dynamical matrix. This contribution can be viewed as a correction of the internal frequency of each admolecule and of the lateral coupling between these admolecules. However, the main difference between this nonlinear term and the coherent term is that the correction of the dynamical parameters ͑internal frequencies and force constants͒ depends on the value of the distribution f ͗1͘ itself. More precisely, the correction of the internal frequency of a molecule located on the lth site is expressed in terms of the value of the vibron density taken in the vicinity of this site. In the same way, the correction of the force constant between two internal modes of the l 1 th and l 2 th molecules depends on the coherence f ͗1͘ (l 1 ,l 2 ). From a physical point of view, these nonlinear effects can be explained using the same language as the one used to describe the occurrence of solitonic or polaronic excitations. More precisely, the propagation of a vibron induces coherences between vibron operators which modify locally the states of the bath through the coupling ⌬H ͓Eq. ͑6͔͒. As a result, the reaction of the vibron dynamics to this local modification closes a feedback loop which gives rise to nonlinear dynamics.
Note that Eqs. ͑29͒ and ͑31͒ correspond to two forms of the kinetic equation. Although these two forms describe the same phenomena, the physical context in which the vibron kinetics is studied allows us to choose the most appropriate form. In the following section, this feature is illustrated for two particular situations. First, using Eq. ͑29͒, we study the low temperature limit of the kinetic equation and show its connexion with the Davydov's problem. Then, using the kinetic equation for the Wigner distribution ͓Eq. ͑31͔͒, a linearized procedure is developed to analyze the self-diffusion of the vibrons.
B. Low-temperature limit: Nonlinear dynamics
At low temperature, the dephasing constant ⌫ and the rate W l Ј →l of incoherent transitions can be neglected. This is no longer the case for the parameters ⌬(l,lЈ) which account for the nonlinear corrections of the dynamical matrix, since even at zero temperature, the fluctuations of the vacuum of bath excitations contribute to these corrections. Therefore, after neglecting the dephasing and incoherent processes, the low-temperature limit of the kinetic equation ͓Eq. ͑29͔͒ can be expressed as
where Ô (t) is an Hermitian operator which is a functional of the distribution f ͗1͘ (t). Its elements are defined as
The kinetic equation ͓Eq. ͑33͔͒ can be expressed in an improved form using the general procedure introduced by Lax. 59 Indeed, the distribution f ͗1͘ (t) remains unitary equivalent to a constant operator, as
where f ͗1͘ (0) specifies the value of the distribution at tϭ0. In Eq. ͑35͒, U(t) is the evolution operator associated to the operator Ô (t). Since Ô (t) is Hermitian, U(t) is unitary and satisfies the evolution equation   FIG. 3 . Diagrammatic representation of the kernel J ͗2͘ . An intermediate coherence between two molecules is characterized by two parallel full lines connecting the two points associated to these molecules.
From Eqs. ͑35͒ and ͑36͒, it is straightforward to show that the eigenvalues of the distribution f ͗1͘ (t) are time independent. Therefore, assuming that the initial distribution is known, we can compute in principle its eigenvalues ͕ f v ͖ and its eigenvectors ͕͉ v ͖͘. From Eq. ͑35͒, we can express the distribution at time t as
͑37͒
Since the time evolution of U(t) is governed by Eq. ͑36͒, the lth component of the vth eigenvector v (l 1 ,t) satisfies
The previous procedure allows us to describe the kinetic problem using a new formulation which reduces to an initial value problem for the eigenvectors v (l,t). The initial value of these eigenvectors is thus specified by the initial distribution function and their time evolution is governed by Eq. ͑38͒. A priori, since the distribution f ͗1͘ (0) has N eigenvalues, the procedure does not reduce the dimension of the problem. However, from a physical point of view, we can expect some simplifications depending on the way used to create the initial distribution. More precisely, one of the most interesting problems in vibronic transport consists in creating a local excitation and monitoring its propagation inside the monolayer. As a result, the initial distribution will exhibit a local character leading to a reduction of the number of relevant eigenvectors.
To illustrate this feature, let us consider the particular situation in which a single molecule, for instance the molecule lϭ0, is initially excited. In such a case, the initial distribution has one nonvanishing eigenvalue f v ϭ␦ v0 , and only the eigenvector 0 (l,t) needs to be determined in order to characterize the distribution function at time t since f ͗1͘ ϫ(l 1 ,l 2 ,t)ϭ 0 *(l 1 ,t) 0 (l 2 ,t). From Eq. ͑38͒, the time evolution of the eigenvector 0 (l,t) is thus defined as
As a result, Eq. ͑39͒ shows that for an initially localized vibronic excitation, the kinetic problem is described in terms of a discrete generalized nonlinear Schrödinger equation. This kind of equation has been extensively studied since it arises naturally in many physical contexts. In particular, the nonlinear Schrödinger ͑NLS͒ equation provides an approximation to the dynamics of a system described by a Fröhlich type Hamiltonian.
Therefore, we expect some interesting features in the low-temperature vibron kinetics directly connected to the phenomena described by the NLS equation. The main consequence is the possible occurrence of solitary wave type excitations, since the one-dimensional NLS equation is integrable within the continuum approximation and admits the Davydov's soliton as a solution. 13 Note however, it has been shown that several properties, such as the space dimension 60 and the discreteness of the lattice, 36 tend to destroy the integrability of the NLS equation. Another remarkable feature given by this equation is the occurrence of intrinsic localized modes or discrete breathers ͑for a recent review, see for instance Ref. 61͒. Contrary to solitons, intrinsic localized modes do not require integrability for their existence and stability. They are not restricted to one-dimensional lattices and it has been suggested that they should correspond to quite general and robust solutions.
62
C. Linearized equation: Self-diffusion coefficient
From the knowledge of the vibron density, we can evaluate the self-diffusion coefficient which is related to the long time limit of the mean square displacement of the vibron. Another way to get this coefficient is to use the phenomenological Fick's law. 52 For a continuous system, such as a classical gas, the Fick's law is given by
where D is the self-diffusion coefficient. The Fourier transform of Eq. ͑40͒ leads to the dispersion relation associated to the hydrodynamic modes which correspond to self-diffusion, as
The determination of the self-diffusion coefficient can be achieved characterizing the behavior of the long wavelength disturbance of the vibron density around its equilibrium. From Eq. ͑31͒, it is easy to show that the equilibrium corresponds to an homogeneous distribution in real space and in reciprocal space
Therefore, we seek a solution of the kinetic equation as
where ␦F(x l ,k,t)ϭ1ϩ⑀(x l ,k,t) characterizes the disturbance around the equilibrium. Inserting Eq. ͑43͒ into Eq. ͑31͒ and assuming ⑀(x l ,k,t) as a small perturbation, the linearization of the quantum kinetic equation is reached at the first-order series expansion in ⑀(x l ,k,t), as
͑44͒
The quantum kinetic equation ͓Eq. ͑44͔͒ is formally equivalent to the linearized Lorentz-Boltzmann equation which describes diffusion processes in classical fluids. 52 Resibois 63 obtained a microscopic expression of the selfdiffusion coefficient from this kinetic equation by doing the Fourier transform of the equation and performing a perturbative theory to reach the dispersion relation of the hydrodynamic modes ͓Eq. ͑41͔͒. We use the same procedure and introduce an abstract linear vector space notation by considering the distribution ␦F(x l ,k,t) as the component of a normalized vector ͉␦F(x l ,t)͘ in the representation ͕͉k͖͘. The scalar product in this abstract vector space is defined with respect to the transformation Eq. ͑43͒, as
͑45͒
Since the quantum kinetic equation ͓Eq. ͑44͔͒ is linear, the dispersion relation of the hydrodynamic modes can be determine for a single Fourier component q of the distribution. We thus focus our attention on the diffusion along the direction specified by the unitary vector e and seek a solution as
where qϭqe. Using Eq. ͑43͒, substituting Eq. ͑46͒ into Eq. ͑44͒, and performing a second-order expansion with respect to the wave vector q, the kinetic equation can be formally expressed as
where R , V , Ê , and D 0 are operators given by their elements, as
W͑h ͒͑ e"x h ͒ 2 .
Through Eq. ͑47͒, the kinetic problem is formulated in terms of an eigenvalue problem for the relaxation operator R . The equilibrium distribution, which corresponds to a spatially homogeneous and time-independent distribution, is the eigenvector ͉␦F (0) ͘ϭ1 of the relaxation operator associated to the eigenvalue ⍀ (0) ϭ0. For long-wavelength disturbance, the wave vector q is thus assumed to be a small parameter and the perturbed eigenvalues of the relaxation operator can be determined using a perturbative theory. Therefore, following Resibois, 52, 63 we seek solutions of Eq. ͑47͒ as
Substituting Eq. ͑49͒ into Eq. ͑47͒, ⍀ (1) vanishes and the first correction to the eigenfrequency is
͑50͒
Comparing ⍀ (2) ͓Eq. ͑50͔͒ and the dispersion relation of the hydrodynamic modes ͓Eq. ͑41͔͒ yields the expression of the diffusion coefficient as
The first contribution in Eq. ͑51͒ is proportional to the rate of lateral transitions and corresponds to the incoherent diffusion constant. It describes processes in the course of which the dynamics of the thermal bath induces fluctuations of the lateral coupling between two localized vibron states. The second contribution is the coherent part of the diffusion constant and characterizes how the dephasing limits the coherent motion of the vibrons.
VI. DISCUSSION AND CONCLUSION
In this paper, we have described the transport properties of the vibrons in a molecular monolayer adsorbed on a dielectric substrate. A quantum kinetic equation was established performing a renormalization of the Hamiltonian of the system and using the projector method to eliminate the bath dynamics. Within conventional approximations ͑Mar-kov limit and Wick theorem͒, the kinetic equation was shown to contain a linear and a nonlinear contribution besides the contribution characterizing the coherent motion of the vibrons. The linear term describes irreversible processes in the course of which the fluctuations of the thermal bath tend to destroy the coherent motion of the vibrons. By contrast the nonlinear term represents a correction of the coherent part of the kinetic equation yielding a self-modulation of the dynamical matrix with respect to the vibron distribution. The propagation of a vibron leading to a local modification of the thermal bath, the reaction of the vibron dynamics to this local modification closes a feedback loop which give rises to nonlinear dynamics.
In the low-temperature limit, we have shown that for an initially localized vibronic excitation, the kinetic problem is described in terms of a discrete generalized nonlinear Schrö-dinger equation. As a result, in connexion with the Davydov's problem, we can expect the occurrence of coherent nonlinear objects such as solitary wave type excitations and intrinsic localized modes. Solitonic excitations are quite attractive in transport phenomena since they allow the energy to be confined in a localized wave packet and its transfer without dispersion. In this context, surface science opens a new way to investigate the formation of the Davydov's soliton in low dimensional nanostructures using the selforganization of surface steps to create one-dimensional wires and confined monolayers. In the same way, the occurrence of intrinsic localized modes may play an important role in the vibron transport by trapping the energy in a nonlinear object involving a few number of molecules. These modes may be excited using local probes, such as STM, which can serve as tools to deposit the energy onto a single admolecule.
From the analysis of the small disturbances of the vibron distribution around the equilibrium, we have established a linearized kinetic equation for the Wigner distribution. Taking advantage of the formal resemblance of this equation with the linearized Lorentz-Boltzmann equation, we have determined the self-diffusion coefficient of the vibrons. We have shown that the self-diffusion coefficient exhibits two contributions. The first contribution describes incoherent hops between two localized vibron states induced by the thermal bath whereas the second contribution corresponds to dephasing limited coherent motion.
In the present formalism, the quantum kinetic equation does not contain phenomenological parameters. All the relevant parameters are expressed in terms of the vibron dynamical matrix and of the correlation functions which describe the coupling of the vibrons with the thermal bath. They can be evaluated using known expressions of the interaction potentials and molecular dynamics simulations ͑MD͒.
To illustrate these features, we estimate the order of magnitude of the key parameters for the system CONaCl͑100͒ previously studied using MD simulations. 47 The CO monolayer has a ͑2ϫ1͒ structure with a rectangular unit cell containing two molecules mutually perpendicular. Along the shorter size of the unit cell, the lattice parameter is equal to a s ϭ3.96 Å and the lateral force constant between nearestneighbor molecules is ⌽ϭ3.5 cm Ϫ1 . At 25 K, the dephasing constant ⌫ was shown to be 0.28 cm Ϫ1 . From Eq. ͑30͒, the rates for the incoherent hops are of the same order of magnitude as the dephasing constant. As a result, since ⌫Ӷ⌽, we can expect that the coherent part of the diffusion coefficient ͓Eq. ͑51͔͒ is dominant leading to a value of D equal to 4.1 ϫ10 Ϫ3 cm 2 /s. At Tϭ55 K, the dephasing constant reaches 0.4 cm Ϫ1 yielding a diffusion coefficient equal to 2.9 ϫ10 Ϫ3 cm 2 /s, but the incoherent part could also contribute. Note that the quantum nature of the nonlinear parameters ⌬(l,l) ͓Eq. ͑30͔͒ prevents, in principle, the use of classical MD simulations. However, an estimation of these parameters can be done from the behavior of the correlation functions occurring in Eq. ͑30͒. Indeed, these correlation functions exhibit oscillations characteristic of the frequencies of the bath and they decrease with a damping constant given by the correlation time c . As a result, since the real and imaginary parts of the correlation functions are related by Hilbert transform, the diagonal nonlinear parameter can be approximated as ⌬ϭ B c ⌫, where B is a characteristic frequency of the thermal bath. The frequencies of the external modes of the monolayer range from 36 cm Ϫ1 for the translational motion parallel to the surface to 140 cm Ϫ1 for the librational motion. In addition, the cut-off frequency of the phonons of the substrate is equal to 270 cm
Ϫ1
. Moreover, the MD simulations have shown that the correlation time is about the thermal time, i.e., c ϭប/k B T ͑ c ϭ0.6 ps at Tϭ25 K͒ and that the dephasing constant exhibits a linear dependence vs the temperature. As a result, ⌬ can be expressed as ⌬ϳ5 ϫ10 Ϫ3 B , leading to a value equal to 0.7 cm Ϫ1 for B ϭ140 cm Ϫ1 . For this system, the coupling between the vibrons and the bath is rather weak leading to weak dephasing processes but, in the same way, to small nonlinear effects. We can expect a coherent transport over a distance of about the vibron mean free path, i.e., ϭͱD/⌫. The corresponding distance is equal to 50 Å at 55 K and reaches 70 Å at 25 K.
These estimated values appears to be rather large at the nanometer scale, indicating efficient transport processes. However, at this step, it seems difficult to predict if such a transport could be carried out by means of solitonlike or vibrontype excitations. A numerical resolution of the kinetic equation ͓Eqs. ͑29͒ or ͑31͔͒ is required to go beyond a simple quantitative discussion, with a preliminary determination of the relevant parameters ͑force constant tensor, dephasing constant, nonlinear parameters,...͒ of the vibron transport.
